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Abstract 

Based on the mutually unbiased bases, the mutually unbiased measurements 
and the general symmetric informationally complete positive-operator-valued mea¬ 
sures, we propose three separability criteria for d-dimensional bipartite quantum 
systems, which are more powerful than the corresponding ones introduced in [C. 
Spengler, M. Huber, S. Brierley, T. Adaktylos, and B.C. Hiesmayr, Phys. Rev. 
A 86, 022311 (2012); B. Chen, T. Ma, and S.M. Fei, Phys. Rev. A 89, 064302 
(2014); B. Chen, T. Li, and S.M. Fei, arXiv:1406.7820^^1 [quant-ph] (2014)]. Some 
states such as Werner states and Bell-diagonal states are used to further illustrate 
the efficiency of the presented criteria. 


1 Introduction 

Entanglement regarded as a physical resource plays a key role in the quantum informa¬ 
tion and computation pQ. Naturally, one of the fundamental problems is determining 
whether a given quantum state is entangled or not. This problem is easy for pure 
states; see, e.g., [2j- However, until now, there are no general practical criteria for gen¬ 
eral mixed states [3]. In the last decades, many efforts have been made to give various 
special criteria for entanglement detection. There are PPT criteria HE], realignment 
criteria [Hill [7], correlation matrix criteria [8], local uncertainty relation criteria [9], 
quantum Fisher information criteria [lOj and so on; see, e.g., [n] for a comprehensive 
survey. 

Recently, some quantum measurements have been used to detect entanglement. In 
the authors first connected mutually unbiased bases (MUBs) [H] with the detection 
of entanglement in bipartite, multipartite and continuous-variable quantum systems. 
For the bipartite case, the example of isotropic states showed that a complete set of 
MUBs can provide a more efficient criteria m- However, it is still not known that 
whether there exists a complete set of MUBs or not in non-prime-power dimensions 
|14j . In [T5|, the concept of MUBs is generalized to mutually unbiased measurements 
(MUMs), which is then used to detect entanglement in the bipartite quantum systems 
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[16j . Unlike MUBs, for some special choices of the involved parameter, the complete 
set of MUMs can be constructed explicitly in all finite dimensions. Using similar ideas, 
Chen et al. m proposed another criteria based on the general symmetric informa¬ 
tionally complete (GSIC) positive-operator-valued measures (POVMs) [18]. Compared 
with the criteria based on MUMs, this criteria requires less local measurements. 

The criteria mentioned above have mainly two merits. Firstly, they are powerful in 
the detection of entanglement [laiisKiTi. Secondly, in comparison with other criteria 
including, for example, PPT criteria, realignment criteria and correlation matrix crite¬ 
ria, these criteria can be relatively easy to be implemented experimentally, since they 
only depend on some local measurements. 

In this paper, by making use of MUBs, MUMs and GSIC-POVMs, we propose 
three separability criteria based on p — , where p is a bipartite density matrix in 

p^ (p®) is the reduced density matrix of the first (second) subsystem. These 
derived criteria also provide easily experimental ways in the entanglement detection 
of unknown quantum states. Strict proofs show that these criteria are stronger than 
the corresponding ones in Haim ITT]. Moreover, some well-known examples are sup¬ 
plemented to verify the efficiency of the presented results. It is worth noting that the 
realignment criteria introduced in [7] also depends on p — p^ ® p^. 

The remainder of the paper is arranged as follows. In Section 2, some preliminaries 
about MUBs, MUMs and GSIC-POVMs are reviewed. In Section 3, we derive three 
separability criteria based on MUBs, MUMs and GSIC-POVMs, and provide proofs 
and examples to illustrate the efficiency of the proposed criteria. Some concluding 
remarks are given in Section 4. 

2 MUBs, MUMs and GSIC-POVMs 

In C'^, a set of orthonormal bases 

'Dm = {Bi, ■ ■ ■ ,Bm} with Bk = {|0fc), • • • ,\d- 1^)} (1) 

is said to be a set of mutually unbiased bases (MUBs) if, for any i ^ j, Bi \s mutually 
unbiased with Bj, i.e., \{li\mj)\^ = ^, /, m = 0, • • • , d — 1. It has been shown in [19] that 
m is at most d -I- 1. Nevertheless, whether a complete set of MUBs, i.e., m = d -|- 1, 
exists or not in non-prime-power dimensions is still unknown m ■ 

By the fact that an orthonormal base Bk = {|0fc),-- - ,|d — 1^)} can be equiv¬ 
alently defined as a positive-operator-valued measure (POVM) {Eq,--- with 

Ei = \ik){'ik\, the concept of MUB is generalized to the mutually unbiased measure¬ 
ment (MUM) in [15] as follows. Two measurements on C'^, 

P(b) ^ ,6 = 1 , 2 , 


are said to be MUMs if and only if 
• Tr(Pi^^) = 1; 
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. = 6nn'5wl^ + (1 - 5nn')5w^ + (1 " hb')\, 

where the efficiency parameter k satisfies ^ < k < 1. For the case n = 1, if d+1 MUMs 
in C'^ exist, i.e., a complete set of MUMs exists, then the measurement operators reduce 
to rank one projectors given by MUBs. Thus, for a fixed parameter k, the existence of 
a complete set of MUMs cannot be guaranteed. Nevertheless, for some special choices 
of K, the complete set of MUMs can be explicitly constructed in all finite dimensions; 
see m for the concrete construction. 

We now introduce the general symmetric informationally complete (GSIC) POVM 
established in [18]. The set ^Qm\Qm > 0, Ylm=i Qm = on is said to be a GSIC- 
POVM if and only if 

• Tr(Q^) = a; 

• TriQmQm') = , 1 <m^m' <cP, 

where the parameter a satisfies -^ < a < ^. Prom [T8|, we have Tr(Qm) = 2 
m. For the case a = ^, if there exist GSIG-POVMs, then they reduce to SIC-POVMs; 
see, e.g., m and references therein. Similar to MUMs, for some special choices of a, 
the complete set of GSIG-POVMs can be constructed explicitly in all finite dimensions 

m- 


3 Entanglement detection 

Entanglement detection via MUBs. Let Vm = {Bi,--- ,Bm} be a set of MUBs 
defined as in ([T|). It was shown in m that, if the state p in (8) C'^ is separable, then 

m d—1 ^ 

Mm{p) = y] G> {ik\p\ik) G> Kfc) < 1 + —-j—• (2) 

k=li=0 

In particular, for a complete set of MUBs, it holds Md+i{p) < 2. For simplicity, this cri¬ 
teria will be called MUB-criteria. We now present a separability criteria due to MUBs. 


Theorem 1. Let Vm = {Bi,--- ,Bm} be a set of MUBs defined as in ([T|). If the 
state /9 in C'^ (8) C'^ is separable, then 


m d—1 


Lm{p) — EE |(*fc| ® l^fc) {^k\p |^A:)(*fc|p l*fc)| 


k=li=0 


< 


\ 


- m d—1 \ / - m d—1 

k=li=0 / \ k=li=0 


d Mr , ^ 

k=l1=0 / \ 

In particular, for a complete set of MUBs, it holds 


( 3 ) 


Ld+i{p) < 




d+l d-1 \ / d-l-l d-1 

^ k=l1=0 / V k=li=0 
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Proof. Any separable state p can be written as p = Yl\=iPiPt ® pf^ where 0 < p* < 
1, Yl’i=iPi — 1) ptipf) denotes the pure sate density matrix acting on the first (second) 
subsystem. Thus, it is easy to get p^ = J2l=iPiPt:P^ = YIi=iPiPf ■ % 


p- p^®p^ 


I X] P^PiiP- 

s,t=l 


pt) 


(g) (p: 



given in [7j, we obtain 


( 4 ) 


- m d—1 r 

u»(rt<5EEE V^t\{ik\pf - pt\ik)\V^t\{ik\pf - pf\ik)\ 

k=l i=0 s,t=l 



m d—1 r 

X] Z] P>>Pti'\^k\pi - pt\ik)Y. 

\ k=l i=0 s,t=l \ 

m d—1 r 

E E E p^^ptii^kip^ - pf\ik)y 

k=l i=0 s,t=l 


/ - m d—1 \ / ^ m d—1 \ 

V k=l1=0 / V k=li=0 / 


In the second inequality, we have used Cauchy-Schwarz inequality. The third inequality 
is due to 


m d—1 ^ 

< 1 H-— for any pure state g in [2T], 

k=li _ 0 

m d—1 r m d—1 

EEE PsPt{'ik\Ps \'^k){ik\Pt Vk) — \‘ik) ■ 

k=l i=0 s,t=l k=l i=0 


□ 

The following proposition shows that Theorem 1 is more efficient than the MUB- 
criteria. 


Proposition 1. Theorem 1 is stronger than the MUB-criteria. 

Proof. For any state p in (g) C*^, we only need to prove the inequality ([2|) holds 
if the inequality (l3|) holds. In fact, assume that ([3]) holds. Then we can get 


m d—1 

L^m{p) ^ ^ ^ ^ ® ® \^k) {^k\p |^/c)(^fc|p Nfc)); 

k=li=0 
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which, from the inequality a + b > 2\/^, a,b > 0, implies 


m d—1 


m d—1 


Mm{p) = EE {ik\ ® {'^k\p\ik) ® \ik) ^ ^ ^ ^ ^^ {ik\p \ik){ik\p \'^k) 


k=l 2=0 


k=l 2=0 


^ ^ m d—1 

£1 + ^-,EE + (4|/3'®|4)^ - ‘2'{ik\p^\ik){ik\p^\ik)) 


< 1 + 


d 

m — 1 


k=li=0 


d 


Thus, the inequality ([2]) holds. 


□ 


Entanglement detection via MUMs. Let and be two sets of 

d + 1 MUMs on C'^ with the same parameter k, where = 

6 = 1, 2, • • • , d + 1. For any separable state p in C'^ 0 Chen et al. [16] 
showed that 


d-\-l d 


= E E ® QnP) < 1 + «• 


b=l n=l 

This criteria will be called MUM-criteria. We now provide a criteria based on MUMs. 

Theorem 2. Let and be two sets of d + 1 MUMs defined as 

above. If the state p in C'^ (8> is separable, then 


d-\-l d 


S{p) = Y.T.\^^{Pn^®QnKP 


p^®p^ 


b=l n=l 


< 


\ 


d-\-l d 


1 + ^ - E I ( 1 + « - E E(Ti'(Qn V^)) 


d-\-l d 


w. 


b=l n=l 


6=1 n=l 


(5) 


Proof. Since p — p"^ ® p^ can be written as in the form Q, we get 

d d-\-l r 

^(P^ ^ 9 E E E I v^TV(pW(pf - pt)) v^TV(Q(f)(pf - pf)) 


n=l 6=1 s,t=l 


1 

^2' 


d d+1 r 

,EEE p,Pt(Tr(pl'')(p^ - p^))f 

\ 22=1 6=1 S,t=l 


d d-\-l r 

,EEE PsPt{Tt{Q^n\pf - PtW 

\ 22=1 6=1 S,t=l 




d-\-l d 


1 + ^ - E E(Tr(^^'V^))2) (1 +«- E E(Ti'(Qn 


d-\-l d 


w. 


6=1 n=l 


6=1 n=l 


where we have used the Cauchy-Schwarz inequality, and X]£i ~ 

1 + K for any pure state g in [T5| . □ 
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Similar to the proof of Proposition 1, we can easily get that Theorem 2 is stronger 
than the MUM-criteria. For k = 1, Theorem 2 reduces to the case m = d + 1 of Theo¬ 
rem 1. 


Entanglement detection via GSIC-POVMs. Let {Pi}^^^ and be any two 

sets of GSIC-POVMs with the same parameter a. It was shown in m that, for any 
separable state p in (8) C'^, it holds 

1=1 ^ ^ 

It will be said to be GSICM-criteria. We now provide the criteria due to GSIC-POVMs. 


Theorem 3. Let {Pijf^i and {Qi}f^i be any two sets of GSIC-POVMs with the 
same parameter a. If the state p in (8) is separable, then 




R{p) = |Tr(^i ® Qiip - P^))\ 


2=1 


< 




2 = 1 


ad? + 1 
d{d+l) 


<P 


YmQ^p^w 


( 6 ) 


2=1 


Proof. It is trivial by an analogous argument as in Theorem 2 and X^j=i(Tr((5iij))^ = 
state g in [22]. □ 


Similar to Proposition 1, it is easy to prove that Theorem 3 is stronger than the 
GSICM-criteria. 

In what follows, we shall provide some examples to illustrate the efficiency of the 
presented criteria in this paper. 


Example 1 . Consider the d-dimensional Bell-diagonal state [25| used in |12l IT6l [T7| 


d-l 

PBell = Yj 
s,t=0 

where Cgt > = 1, IV'st) = {Ust ® Id)\(t?)i and the Weyl operators Ust,s,t = 

0, • • • , d — 1 are defined as Ugt = J2j=o li)0' ®^1 with = e ^ and j 0t denoting 

i + t mod d. It is easy to get = Pseii ~ We set 

Cab= max {cst},Cfg= min {c^J. 

0<s,t<d-l 0<s,t<d-l 

Since Theorem 1 and MUB-criteria with m = d-|- 1 can be regarded as special cases 
of Theorem 2 and MUM-criteria, respectively, we do not compare them here. 
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Comparison of Theorem 2 and MUM-criteria. Clearly, S{pBeii) can be written as 


d-\-l d 

S{pBell) = EE 

b=l n=l 


. d —1 d —1 

^ E E Tr(pW[/,tK)OlC/]jTr(QW|z)(j|) 

s,t=0 i,j=0 


1 


(7) 


and the right hand side of the ineqnality ([5]) is 1 + k- 

We now consider the following two cases. 

(i) Cab > In this case, we set Qn'^ = ulf^Pn^Uab, where ” denotes the conjugation 
of the corresponding matrix. From ([7]), it is easy to get 


S{pBell) > KCab{d + 1) 


d + 1 
d 


From Theorem 2, pBeii is entangled if KCab{d+l) - ^ > 1 + k- i.e., Cab > 
(ii) Cfg < Taking Q^n'^ = Uj^Pn^lIfg leads to 


S{pBell) > 


d+1 

d 


CfgK{d + 1). 


From Theorem 2, it follows that pBeii is entangled if — CfgK{d + 1) > 1 + k — 
i-e- c/5 < 


By (i) and (ii), we conclude that if 

r 1 K + 1 

Cab > max < — 


K + 1 


nd' K{d + 1)] K{d+1) 


or 


C/5 < 13 


1 d — dK + 2 


Kd’ Kd{d + 1) j Kd{d + 1) 


d — dK + 2 


( 8 ) 

(9) 


holds, then pBeii is entangled. However, by similar methods, the MUM-criteria can 
only detect the entanglement for Cab > [T6] . 

It is obvious that the values of k affect the performance of the entanglement detec¬ 
tion of Theorem 2. Surprisingly, entanglement conditions dS]) and ([9]) are more efficient 
when K gets larger and smaller, respectively. Thus, in order to detect more entan¬ 
glement of Bell-diagonal states, the balance for the values of k is necessary. Another 
interesting conclusion can be drawn that, if one of the coefficients Cst, s,t = 0, ■ ■ ■ ,d—l 
is zero, that is Cfg = 0, then pBeii must be entangled by (j^. 

Comparison of Theorem 3 and GSICM-criteria. From Tr(Pfc) = Tr(Qfc) = it 
follows that R{pBeii) can be written as 




R{PBell) — E 


k=l 


d -1 d-l 

7 E E Ti{PkUst\i){j\ul)TT{Qk\i){j\) 


s,£=0 ^J=0 


and the right hand side of 

The following two cases are considered. 


ad?+l _ 1 
d(d+i) w- 


1 

^ ’ 
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(i) Cab > ^. Taking Qk = U^^Pkllab results in 

R{PBell) > dacab - 

From Theorem 3, pseii is entangled if daCab - > d(d+i) ~ i-®-’ > adHd+i) ■ 

^f9 < Taking Qk = Uj^Pklffg we get 

R{PBeu) > — daCfg. 

By Theorem 3, pseii is entangled if ^ - dacfg > i.e., Cfg < 

Due to (i) and (ii), we conclude that, if 


Cab > max 


1 ad? + 1 'I 
ad‘^{d + 1) / 


ad^ + 1 
ad?{d + 1) 


or 


Cfg < min 


1 d — d^a + 2 I d — d?a + 2 


d^a’ d^a{d+l) j d^a(d + 1) 

holds, then pBeii is entangled. However, similar methods, the GSICM-criteria can 
only detect the entanglement for Cab > ad 4 d+\) P^ - 

Similar to the parameter n in Theorem 2, the parameter a also plays an important 
role in the entanglement detection of Theorem 3. 


Example 2. Consider the d-dimensional Werner states |26] 

^ “ 9)^-^ + {dg - l)h), 

where — 1 < 5 < 1, the “flip” or “swap” operator p can be represented as p = 
Yli~j=o Id)0*1) Pw is entangled if and only if — 1 < < 0 . 

Comparison of Theorem 2 and MUM-criteria. Taking Qn^ = Pn^ and simple 
computation yield 

T{pw) = {{d - g) + n{dg - 1 )). 

Since T{p\y) > 1-|-k if and only if 5 > 1, MUM-criteria can not detect any entanglement 
of Werner states. 

We now use Theorem 2 to detect the entanglement of Werner states. The left and 
right hand sides of ([5]) are, respectively. 


S{pw) 


j^{{d - g) + n{dg - 1)) 


d+1 

d 


and 1 -|- K 


d-b 1 
d 


Since S{pw) > 1 -|- k — if and only if 5 f>lor 5 r<^ — 1, from Theorem 2 we 
get Pw is entangled for—l<( 5 r<| — 1. Thus, Theorem 2 can detect completely any 
entanglement of the 2-dimensional Werner states. 
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Comparison of Theorem 3 and GSICM-criteria. Setting Qk = -Pfc, we get 


J{pw) 


d — g da{dg — 1 ) 
d^-d ^ d? - 1 


Since J{pw) > d{d+i) if > 1 ; similar to MUM-criteria, GSICM-criteria 

can not detect any entanglement in Werner states. 

We now apply Theorem 3. The left and right hand sides of ([ 6 ]) are, respectively, 


R{pw) 


d — g da{dg — 1 ) 1 ad^ -|-1 1 

^ d^-I S d(d+l) 


Since R{pw) > d{d+i) “ IF if 5 > 1 or (7 < | — 1 , Theorem 3 can detect the 

entanglement of pw for—— 1 . 

As a conclusion, the detection ability of Theorem 3 is the same as that of Theorem 
2 for d-dimensional Werner states. Both of them are more efficient than the MUM- 
criteria and GSICM-criteria. 


Example 3. The following well-known 
Horodecki [5]: 

0 0 0 a 0 

a 0 0 0 0 

0 a 0 0 0 

0 0 o 0 0 

0 0 0 a 0 

0 0 0 0 a 

0 0 0 0 0 

0 0 0 0 0 

0 0 0 a 0 


X 3 bound entangled state was given by 


0 

0 

0 

0 

0 

0 

\-\-Q, 

2 

0 

Vl— 

2 


1 


P = 


8 a -I- 1 


/ “ 

0 

0 
0 
a 
0 
0 
0 

V « 


0 a ^ 

0 0 

0 0 

0 0 

0 a 

0 0 

ri Vl— 

2 

a 0 

0 


where 0 < a < 1. We consider the mixture of this state with the maximally entangled 
state \(p) = 

Pmix =pp+{l-p)\4>){4>\, 


where 0 < p < 1. The complete sets of MUMs and GSIC-POVMs are constructed from 
the generalized Gell-Mann operators; see m and m for the detailed constructions. 
If we take _ 

then from MATLAB computations we find that the same entangled conditions can be 
obtained by MUM-criteria and GSICM-criteria (respectively, Theorems 1 and 2) for a 
fixed value of a. The numerical results with different values of a are displayed in Table 
1. It can be seen that Theorems 1-2 are more efficient than the MUM-criteria and 
GSICM-criteria. Nevertheless, the difference between them becomes smaller as a gets 
larger. 
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a = 0.1250 

MUM or CSICM-criteria 

0 <p < 0.9015 

Theorem 1 or 2 

0 < p < 0.9456 

a = 0.3750 

MUM or GSICM-criteria 

0 < p < 0.9625 

Theorem 1 or 2 

0 <p < 0.9713 

a = 0.6250 

MUM or GSICM-criteria 

0 < p < 0.9847 

Theorem 1 or 2 

0 < p < 0.9872 

o = 0.8750 

MUM or GSICM-criteria 

0 < p < 0.9962 

Theorem 1 or 2 

0 < p < 0.9966 


Table 1: Entanglement conditions of pmix from MUM-criteria, GSICM-criteria and 
Theorems 1-2 

4 Conclusion 

In this paper, MUBs, MUMs and GSIC-POVMs have been used to study the entan¬ 
glement detection of the bipartite quantum systems. Based on p — ® , we have 

presented three separability criteria, i.e.. Theorems 1-3, which, by strict proofs, are 
more efficient than the detection methods introduced in na [m IT], respectively. By 
taking Bell-diagonal states, Werner states, the mixture of Horodecki’s 3x3 bound 
entangle state and the maximally entangled state as examples, we have shown that 
the performance of the presented criteria depends on not only the values of involved 
parameters k and a, but also the choice of the complete set of measurements. 

Compared with some criteria including PPT criteria and realignment criteria, the 
criteria given by Theorems 1-3 are relatively easy to be implemented experimentally, 
since only some local measurements are used. The relations between the presented 
criteria and other detection methods such as PPT criteria, realignment criteria and 
correlation matrix criteria need to be studied in the future. How to construct new 
efficient separability criteria by using measurements is also an interesting problem. 
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